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Low-Thrust Inclination Control in Presence of Earth Shadow

Jean Albert Kechichian*
The Aerospace Corporation, El Segundo, California 90245-4691

The problem of inclination change in near-circular orbit using intermittent, low-thrust solar electric propulsion
is analyzed. Given the shadow arc length and the line of nodes of initial to final orbits, piecewise constant yaw
angles are selected, and the location along the orbit where the yaw angle switches is optimized to carry out
the largest inclination change per revolution for that particular geometry. Single-switch and two-switch strategies
are analyzed, and several algorithms of varying complexity are described and numerically tested for their relative
performance. This approach yields suboptimal but robust and real-time autonomous onboard guidance software
for electric orbit transfer vehicle orbital transfer applications.

Nomenclature
ay = semimajor axis of reference orbit, km
f = thrust magnitude
f = acceleration vector due to thrust
fri fou fn = components of acceleration vector along
7 é, h Euler-Hill directions
ﬁl = orbital angular momentum, km?/s
h = unit vector along instantaneous angular
momentum vector
m = spacecraft mass
n = mean motion of reference orbit, (u1/a3)!/?, rad/s
r = spacecraftposition vector, Earth centered
r = unit vector along instantaneousradius vector r
Sg, Cgr = sin6’, cos &, etc.
T = thrust vector
X,y = unit vectors along the inertial x and y directions
o’ = spacecraftangular position at time ¢
. measured from x axis
(7] = unit vector in instantaneous orbit plane,
perpendicularto 7
6 = out-of-plane or thrust yaw angle
6, = thrust pitch angle
nw = gravity constant of Earth, 398,601.3 km?3/s?
T = nondimensional time
Introduction

HE problemof low-thrusttransferbetweeninclined circularor-

bits benefited from the contributions of Edelbaum' and Wiesel
and Alfano,? who provided analytic solutions to execute minimum-
time transfers using continuous constant or variable acceleration
and constantor optimized yaw profile within each revolution. Cass®
and McCann* provided semianalytic solutions of the optimal thrust
pitch and yaw profiles for transfers using intermittent thrusting due
to shadowing. A simulation tool was developed® using simplifying
assumptions to carry out preliminary parametric studies as well as
spacecraft systems design and optimization assessments. Analytic
solutionsleading to suboptimal transfers were developed®’ for pos-
sible implementation in fast computer programs similar to the one
depicted in Ref. 5. Many of these analytic methods assume that the
orbit remains circular during the transfer for ease of calculation of
various dynamic and geometric parameters during the generation
of the transfer solution. Higher-fidelity simulations using averag-
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ing techniques are described with optimized pitch and yaw profiles
and intermittent thrusting due to shadowing #~!° These simulations
show that the intermediate orbits’ eccentricities remain below 0.2
for the worst case of shadowing geometry for typical low-Earth-
orbit (LEO) to geostationary-Earth-orbit transfers. However, these
numerically generated transfers are difficult to obtain and therefore
are not suitable for parametric studies, which require a great number
of iterations. In view of the small eccentricity buildup and the need
to use simple but efficient control strategies easily implemented in
analytic-type codes, the control problem for inclination change in
the presence of Earth shadow is approached in this paper from a
purely analytic but suboptimal point of view. Marec!! shows sev-
eral optimal thrust accelerationlaws for various low-thrust systems
applicable in general elliptic orbits with no restrictions as to the lo-
cation of the thrust arcs. In our problem, the accelerationmagnitude
is assumed to remain constant and the orbit circular.

Thus, pure inclination change in near-circular orbit using low
thrust is analyzed for solar electric propulsion systems using inter-
mittent thrust along the orbit. The continuous-thrust solutions are
such that the out-of-planethrustangle or the yaw angle switches be-
tween 90 deg every half orbit, with the switch points located at the
antinodes. These results are extended to the case in which an eclipse
or shadow arc restricts thrusting in sunlightonly, so that thrusting is
now intermittentduring each orbit. Given an arbitrarily selected line
of nodes of initial to final orbits and given the length of the shadow
arc, simple butrobustalgorithms are presented that effect the largest
change in inclination during the revolution by thrustingonly in sun-
light. The geometry of the problem s illustratedin Fig. 1, where the
Earth-centered inertial x, y frame is such that x is pointing toward
the point on the orbit correspondingto exit from shadow. The line of
nodes is inclined with respect to the x axis by the angle 8, where B
can be anywhere between 0 and 360 deg. Furthermore, the arc OO’
is the sunlit arc where thrusting is allowed, and the arc O’O is the
shadowed arc where thrustingis not possible. The shadow geometry
is calculated easily once the sun look angle B is evaluated from the
knowledge of the solar right ascension and declination as well as
the spacecraft orbit equatorial inclination and ascending node. The
node is allowed to regress because of J,, and the amount by which
2 changes is calculated from the analytic expression defining the
regressionrate. This rate is dependenton the orbital equatorialincli-
nation as well as the orbital semimajor axis. The angle 8, therefore
must be updated from revolution to subsequentrevolutionand the x
axis repositionedto point toward the current exit from shadow to ef-
fect the orbit rotation calculations during that particular revolution,
following the algorithms presented in the following sections. We
analyze both single-switch and two-switch strategies while holding
the yaw angle constant between two switches.

Analysis
The variation-of-parameters equations linearized about a refer-
ence circular orbit, representing the initial circular orbit, are a
complete set of first-order differential equations that describe the
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Fig. 1 Orbit transfer and switch geometry.
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Fig. 2 Euler-Hill frame and thrust geometry.

motion of the thrusting spacecraft. The pertinent equations that de-
scribe the out-of-plane motion consist of

dai,  a

— =L fi (1)
dr uw

dAi,  a?

— =L /i ()
dr uw

The change in the inclination Ai along the line of nodes is a vec-
tor with components Ai, and Ai, along the x and y directions as
in Fig. 1. The rates are with respect to the nondimensional time
T = nt, where n is the reference-orbit mean motion correspond-
ing to the semimajor axis aq. Given the X,y plane of the initial
reference circular orbit of semimajor axis a, and mean motion n,
Ai = Ai x4+ Ai,y, where Ai, = Aicy and Ai, = Aisy, with the
magnitude Ai obtained from the variation-of-parametes equation

di rfu
— =),
dt h

with 6 representing the angular position of the spacecraft measured
from the ascending node. The spacecraft being initially on the ref-
erence circular orbit,@ = 0,r = a5, h = naé such that Ai duetoa
small impulse AV applied along the direction & = («,, o, y,) is
given by Ai = (AV /nay)wy, due to Atf, = AV «,,. Finally, Ai =
(AV /nag)a,r, Ai, = (AV /nag)a,cy, Aiy, = (AV /nay)ay, sy . The
nondimensionalrates in Egs. (1) and (2) are now obtained because
h?/u = a, for a nominally circularorbit, and 6’ ~ nt = 7. Figure 2
shows the spacecraft at position r with respect to the center of the
Earth, with T such that 6, is_the angle between this thrust vector
and its projection in the (7, #) plane and 6, is the angle between
this projectionand the € direction. Assuming that the instantaneous
osculatingorbitnever departs from the near-circularshape, it is then

possible to use the approximation mentioned earlier, 8’ >~ nt = t,
cg = c;, and Sy = S, such that, with k = f/m, the linearized
Eqgs. (1) and (2) can now be written as

dAi,  k )
dr aonzcrseh

dAi, k

T @

If 6, is assumed to be piecewise constant, then Egs. (3) and (4) can
be integrated analytically between T = 0 and © = 7, (Fig. 1). Let
us first analyze the single-switch strategy, and let z/ correspond to
the switch angular position. Then, if 6, is the constant yaw angle
between ¢ = 0 and v = 7/ and 6, is the yaw angle between v = 7/
and T = 74,

% 5
Aiy = gsy, / ¢ dT + gsg,, / c. dr (5)
0 r(’

% T
Aiy = gsy, / s:dT + 855, / s, dt 6)
0 T

The constant g represents a normalized acceleration with g = k/
(aon?). Carrying out the integration results in

Ai, = gsusg, +8(sc, — su1)ss,, = Aicg )

Aiy, = —g(cr(r — I)Sth — g(crf — C-,;(’)Sghz = Aisg 8)
These two equations can be solved simultaneously to provide the
6, and 6, angles for given Ai, f, t/, and 7, as well as g:

s — Ai (Cﬁ _ ﬂ — Cﬂ'_rf) (9)
" g(sff—f! +sy - sff)

Ai(cﬁ_r(r - c,g)
g(srf—r(’ + S — srf)

(10)

s9h2

Equations (9) and (10) uniquely define 6),, and 6, because —m /2 <
Op, <m/2 and —m /2 <6, <m/2 such that |s9h1 | <1 and |s9h2| <1
orsgzh1 < 1land sghz < 1; Ai isthemagnitude of the inclinationchange
and 18 therefore a positive quantity. The constant g is also strictly
positive. The largest eclipse arc in LEO never exceeds 140 deg,
so that 220 deg < 7, <360 deg. This, in turn, requires that S, < 0.
It now can be shown that the factor in the denominator, namely

(8¢, - +582 —57,) =0, is positive semidefinite. From
Sep—v + sy — 585,20 (1D
it follows that
Sz (1 - Cff) Sty (1 - Cf!)zo

Both (1—¢,,) and (1 —¢./) are >0, and with s;, <0, the condition
in Eq. (11) is equivalent to

S Sy (1 - Cf!)

Sy > ———"
(1 —crf)

where the right-hand side is <0. If s,/ > 0, then the inequality in
Eq. (12) is always satisfied. If s <0, then Eq. (12) can be written
as

(12)

S/ (1 - crf) > 8y (1 - cr(r)

where the right- and left-hand sides are <0. Squaring, one has

2 2.2 2
21— )2 (1)
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Fig. 3 Plot of functiony vs cos(t}) for 77 = 220, 290, and 360 deg.

which reduces to
2
Cr(’ (1 - Crf )

However, 52 o= = (1=c¢)(1+cy,), and because (1 —c,) > 0, we can
divide this inequality by (1 — ¢;,) to obtain the following condition:

s L —|—crf(1 —cff)zo

y=cy = (1+eq)eg e 20 (13)
The roots of this quadratic are

(1 +Cff) + (1 _ Cff)

C = — =1, Ce;

2

The inequality in Eq. (13) is satisfied for ¢ < ¢, and because, in
this discussion, s,y <0 ormw <t/ <7/, Cr S eqp is always satisfied.
In short, Whether S¢ = 0 or Sy < 0, the expression in Eq. (11) is
always > 0. Figure 3 shows the plot of Eq. (13) or y = f(cy)
for three values of t;, namely 220, 290, and 360 deg, the latter
corresponding to the case of no shadow, whereas the former is for
maximum shadow. In Fig. 3, the lower parabolais for 7, = 220 deg,
and the uppermost parabola is for 7 = 360 deg. The y and x
abscissa intersects are of equal value.

This discussionshows then that s, has the same signas ¢, —
Cp—r, and sg, has the same sign as ¢z_,; — ¢ in Eqgs. (9) and
(10), and because |s9h |=<1, |s9h | <1, the following conditions
must be satisfied:

g(srf —r(’ + sr(’ - srf)

Al < (14)

|Cﬂ—r! —Cﬂ|

g(sff - Sy — sff)

Ai <

(15)

|Cﬂ—rz —Cp—rs

Then, given B and 7, the value of ¢/ must be such that A7 is maxi-
mized. However, because Eqgs. (14) and (15) also must be satisfied,
Ai is the minimum of the two maxima, namely,

Ail _ g(srf—r(’ +sr(’ - srf) (16)

[ = co-r,

Aiz — g(srf—r(’ + S-,;(’ — S-,;f) (17)

|Cﬂ—r! —Cﬂ|

These two functions are plotted in Fig. 4 as a function of 7/ for
7y = 220 deg and 8 = 60 deg. The upper curve corresponds to
Aiy, which has singularities at 7/ = 0 and 120 deg in this case
because|cg_ o —Cp | = Oatthose values. The curve Ai; staysbelow
Ai, until about 7/ >~ 162 deg, after which it becomes the largest
until 7/ = 7, = 220 deg, where it shows a singularity because
|cg—z2 — cg—r,| = O there. These singularities are not worrisome
because Ai must be less than the smaller of either Ai; or Ai, fora
feasible solution, and those solutions always exist. From 7/ = 0 up
to 7/ 2~ 160 deg (the crossoverpoint), Ai must be less than or equal
to Aiy, i.e., Ai < Aij, whereas after the crossover point, Ai < Ai,
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Fig. 4 Delta inclination vs 7/ for 77 = 220 deg and 3 = 60 deg.

such that Ai is less than or equal to the smaller of either Ai; or Ai,.
Inotherwords, the feasibledomain is the area in Fig. 4 between the x
axis and the lowest branches of either curve. Clearly, there exists an
optimal 7/ (=2 162 deg in this example) such that Ai is maximized.
This maximum correspondsto Ai; = Ai,. The values of the various
parametersused in Fig. 4 are ¢y = 7000km, ¢ = 398,601.3 km?/s?,
and k = 3.5 x 1077 km/s?, correspondingto g = 4.302544 x 1075,
For given Ai, 7;, 8, and g, the location of 7/ is uniquely defined
provided that Ai correspondsto the crossoverpoint of Ai; and Ai,,

where Ai = Ai; = Ai,, and where |s9hl| = |s9h2| = 1. To cover
both cases, namely, the sequence 6,, = =/2, 6,, = —n /2, and
Op, = —m/2,6,, = m/2,Eqgs. (7) and (8) reduce to
:I:g(2sr(r - srf) = Aicg (18)
+g(1 + ¢y — 2c7) = Aisg (19)
from which
1/ xAic
S = —(—ﬂ —+ S-,;f> (20)
c 2 g J
1 :l:AiSﬂ
Cyt = —— —(1— Ce 21
i el (0] IEY
such that
sz, + (£AI/g)c
s; = tan”! . - d (22)
(1 + crf) — (FAi/g)sg

From Fig. 4, B = 60 deg, T, = 220deg, g = 4.302544 x 107>, and
Ai = 6.1x107% degsuch that, with the plus sign selectedin Eq. (22),
T/ >~ 162.7 deg. This is clearly the unique solution because, if we
select the minus sign instead, Eq. (22) will yield ) =~ 321.6 deg,
which is larger than 7, and therefore not acceptable. Conversely, if
we select 7/ > 150 deg instead, as an example, then from Eqs. (16)
and (17), Ai; = 0.00009535 rad and Ai, = 0.00017919 rad, so
that, satisfying the inequalities in Eqs. (14) and (15), we can select
any value of Ai provided that Ai < min(Ai;, Aiy) or Ai < Aij =
0.00009535rad. At Ai = Ai, exactly,Eqs. (9) and (10) yield S6,, =
1.0, s5,, = —0.532089, or 6, = 7/2 and 6,, = —32.146 deg It
is then clear that, for a given z/ different from the optimal ¢/, any
Ai < min(Ai;, Ai,) can be achleved with a unique comblnatlon
of 6, and 6, with either |0, or |6,,] = 7/2 if the maximum
feasible Ai is selected as described earlier, where Ai = Ai; was
selected.For lower values of Ai, both6),, and 6, arelessthanm/2in
absolute value, and only at the optimal 7/, where Ai; = Ai, = Ai
(maximum), both |6,| = |6,,,] = 7 /2.1f T/ is very close to 7, it may
be preferable to select a smaller z/ for operational considerations
by rotating the orbit a little bit less along the required line of nodes
during the revolution. Other considerations also may limit the 6,
angles to less than a given value, for example, much less than the
maximum /2, such that, once again, an appropriate . different
from the optimal / would be selected.

Now, going back to the preceding discussion, it has been deter-
mined that 86, has the same sign as Cp—rl — Co—r; and that 861,
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Fig. 5 Yaw angle switch regions for 7y = 220,270, and nearly 360 deg.

has the same sign as ¢ 7 — g, such that s, and sg,, have oppo-
site signs whenever ¢g— -, and ¢s have opposite signs. The func-
tions ¢g and cg— ., for T, = 220 deg have opposite signs for t,—
3n/2<B=<m/2, 1y —w/2<B<3m/2,and 1y + 7/2<B<2m.
This is shown in Fig. 5 for three values of 7, namely, 7, = 220 deg
(maximum shadow case), 270 deg, and 360-¢ deg, where ¢ is small.
The heavy line indicates the regions where § is such that sq, and sg,,
are of oppositesign. Where 7 is close to 27, as in the last case, the
values of B for which s4, and sy, are of opposite sign are such that
Ty —3n/2<f<n/2andt; — /2B <3m/2, corresponding to
a very small region along the orbit. This means that, for most orien-
tations of Ai, 6, will not change sign if we restrict ourselvesto this
single-switch theory. This in turn will be achieved at the expense
of vanishingly small Ai changes because most of the thrust will be
wasted to satisfy the rotation along the required line of nodes. This,
then, leads us to extend this analysis to include the case in which
two switches in the 6, angle are allowed in order to be able to carry
outlargerchangesin relativeinclinationalong any given orientation
of the line of nodes. Here, we restrict our analysis to yaw angles of
90 and —90 deg only so that the orbit remains perfectly circular at
all times, while maximizing the relative inclination change along
the desired line of nodes.

Algorithms of Two-Switch Transfer
Let us assume that |9,,| = m/2 such that the thrust vector is
directed purely normal to the orbital plane. Because we are consid-
ering, at most, two switches in the yaw angle, the yaw program is
therefore /2, —m /2, /2 or —m /2, /2, —m /2. From Eqs. (3) and
(4), it follows that

™ %, 2
Ai, = :I:g(/ c.dt — / cdt + / fe dr) (23)
0 r(’l r(’
™ %, 2
Aiy, =g sedt — s.dt + sedt (24)
0 T 7

‘1 2

or

Ai, = +g <2sr(r1 - 2sr(r2 + srf> (25)

Ai, = £(—g) (2@!1 —1- 26}(’2 + crf> (26)
The plussignisused forthe /2, —m /2, w /2 sequenceand the minus
sign for the —7 /2, /2, —m /2 sequence. Because Ai, = Aicg and
Ai, = Aisg,thetwo expressionsin Egs. (25) and (26) can be written
as

Ai, = g<2sr(rl — 2sr(f2 + Srf> ==xAicg 27)

Aiy = —g <2€r(rl - 2Cr(f2 +ey — 1> = *£Aisg (28)

which can be further cast into the following form:

s = sy = £(Ai/28)cs — (55,/2) (29)
Ai 1- Cr
Cy —Cpy = :I:—lsﬁ - —( f) (30)
) ] 2g 2
Let
ky = (Ai/28)sg (31
1—c;
ky, = % (32)
ks = (Ai/2g)cg (33)
ky=5:./2 (34)
Then
Sy =Sy = +hky — ky (35)
Cr(’l - Cr(’z = :l:(_kl) + k2 (36)

Given the orientation of the line of nodes defined by the angle § and
the magnitude of the relative inclination change Ai, as well as the
normalized acceleration g, it is possible to solve for z; and 7/, , the
switch angular positions, from Eqs. (35) and (36). From Egq. (36),

1

:I:(l -2 >% = :I:(l —si,l>5 — [£(=k)) + k]

€2

squaring yields
<1—sf, > = l—sf,
2 ‘1

- (i2)<1 —sél>%[:|:(—k1)+k2]

However, sr(r2 can be eliminated by way of Eq. (35) because

+ [E(=k) + ko)

sr(’z = sr(’l - (:l:k3 - k4)
st =8k + (Fky —ky)? — 25y (Fks — ky)
L) ‘1

Therefore, after carrying out this elimination, one has

1
K =25y (ks — ki) = ﬂ:2<1 - >2 [£(=k)) + ko]
1
which is squared once again to yield the quadratic form

Asf(,l +Bsy +C=0 (37)
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where
= (£ks — ko) + [£(—k) + k] (38)

A=K (39)

B = —K (dk; — ky) (40)

C = —[£(=k) +k]* + (K*/4) 41)

The solution of Eq. (37) is

1

—B £ (B? —4AC)?
= 42
St 7A (42)

Now, from Eq. (35),

:I:(l—cz,> —:I:(l—c,> — (£k; —ky)

‘2 1

and eliminating o this time from Eq. (36) and using the same
manipulations that generated Eq. (37), a quadratic form in ¢,/ can
be obtained: K

Aci,1 + B'Crgl +C' =0 (43)
where
A=K (44)
B’ = —K[&(—k)) +k,] (45)
C' = —(Fky —k)* + (K* /4 (46)

The solution of Eq. (43) is

—B' £ (B? — 4AC")?
L= 47
2 7A (47)

Once 7, is computed,
such that

7,, can be obtained from Egs. (35) and (36)

S = sr(’l - (:l:k3 - k4) (48)

2

ey =y = [F (k) + ko] (49)

2
The condition B2 — 4AC > 0 must be satisfied such that
B* —4AC = K{K (dk;s — k) +4[E(—k) + ko> — K*} >0
which reduces to the condition
K{4 = [£(=k) + k] = (ks — k)? J[E(=k) + k1P = 0

However, K > 0 and the last bracketis also > 0, such that the pre-
ceding condition can be replaced by the simpler condition

— [£(—kp) 4+ ka]* — (ks — ks)* >0 (50

If we choose the plus sign, which corresponds to the yaw sequence
/2, —m/2, w/2, the condition in Eq. (50) can be written as

Y ==+ [sp(1 = o)) +epse Jo+[4=2(1—¢r )] 20
(51)

The roots of this quadratic are given by

X = ([s,g(l —Crf) —|—c,3srf] T {[s,g(l —Cff) +c,3srf]z
Hfa--c )N /2 &

where x = Ai/2g is proportionalto Ai. Given 8, g, and 7, we seek
the maximum value of Ai that satisfies the condition in Eq. (51).

=

The solutions given by Eq. (52) always exist because the square-
root term is > 0. This is because the term 4[4 — —(1 — crf)] >0.If
[sg(1— crf) + cpse,] < 0, the plus sign must be chosen in Eq. (52)
so that Ai > 0 orx > 0. Conversely, if [sg(1 — crf) + cﬁsrf] > 0,
the plus sign again must be chosento obtainx or Ai > 0. Therefore,
the range of x is 0 < x <x,, where x, is given by

e ([sﬂ(l - Cff) +Cﬂsff] + {[sﬂ(l - Cff) +Cﬂsff]2

crf)]}%>/2 (53)

Obviously, we must choose x = x, because it corresponds to the
largest Ai, that can be achieved along the required line of nodes,
unless a smaller Ai < Ai,,, is needed to fine tune the final incli-
nation, in which case all of the coefficients are defined, leading to
the solution of z/ ., and r . Choosing x = x,, ¥ = 0 and therefore
B2 —4AC =0, which sunphﬁes Eq. (42) to

+4[4-4(1-

s¢ =—B/2A (54)

If B =0and 7; =360deg (no eclipsecondition), x, =2 and Aip, =
4g, which is the maximum angle by which the circular orbit can be
rotated after one revolution of continuous thrusting. Going back to
the condition in Eq. (5), if we now select the yaw sequence —m/2,
/2, —m /2, then that condition will reduce to

yl = —Xz - [Sﬁ(l - Crf) +Cﬂsrf:|x + [4_ %(1 - Crf)] 20
(55)

whose roots are given by

= (—[s,g(l —Crf) _|_cﬂsrf] T {[s,g(l —crf) —|—c,3srf]z
- t-e )N /2 s6)

Once again, if [sg(1 — ¢;;) + ¢gs:,] < 0, the plus sign must be
chosen to get Ai > 0, and conversely, if [sg(1 — crf) + c,gsrf] > 0,
the plus sign also must be chosen to yield Ai > 0.

The maximum Ai,,, is achieved for x = x/, where x is given
by

= (Do) e T+ (Bl =) s T

crf)]}%>/2 (57)

and the range of x is now 0<x <x}. Atx = x}, ¥’ = 0, and
B? —4AC = 0 too, such that as in Eq. (54),

o

+4[4-4(1-

sy =—B/2A (58)

The maximum Ai,, therefore is achieved by Ai,, = max(2gx,,
2gx;). The same discussion carried out so far for St also can be
applied to oA because, from Eq. (47),

B” —4AC = K{K[£(=k)) + ko]? + 4(£k;s — ks)* — K2} >0
reduces to the condition

K{4— (ks — ko)’ = [H(=k) + kP (ks — k) 2 0
which is identical to the condmonln Eq. (50). The selection of x, or
x} onceagainwill resultin B> —4AC’ = 0; therefore, for maximum
Al,

= —B'/2A (59)
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Algorithm 1

This algorithm uses a very simple logic, as follows: Let the se-
quence /2, —m /2, /2 for the yaw angle correspondto S = 1
and the sequence —m /2, m/2, —m /2 correspond to § = —1. If
0<B <m/2and3m/2 < B<2m,letS = landifr/2 <B <3m/2,
let S = —1.If S = 1, x, is computed from Eq. (53), and if § = —1,
x}, is computed from Eq. (57). The inclination change is evaluated
next from Ai = 2gx, or Ai = 2gx}, depending on whether § = 1
or § = —1, respectively. Now, the coefficients ki, ks, k3, and k4 are
evaluated from Egs. (31), (32), (33), and (34), respectively, whereas
the constants K, A, B, C, B’, and C’ are evaluated from Egs. (28),
(39), (40), (41), (45), and (46), respectively, with the plus sign cho-
sen if S = 1 and the minus sign chosen if § = —1. Next, the first
switch pointis evaluated from s,y = —B/2A, ¢ = —B’/2A, and
the second switch point is evaluated from Egs. (48) and (49) with,
once again, the plus sign for § = 1 and the minus sign for § = —1.
If [ <1/ < 74, the solutionis well defined. If 7, > 7/, we set

T/ = 7, because this is the maximum value that it can have. How-

!
eVzer, =/, now must be modified to carry out the inclination change
for the particular B of interest. This modification will result in a
Al < Aly,y, because, clearly, Ai,, is not feasible in this case. To
evaluate Ai and r(fl in this case, we go back to Eqs. (48) and (49),

which we write as

S = (s, /2) £ (Ai/28)cs (60)
l+c: Ai
= (+ey) , (4 s 61)
‘1 2 2g
because we fixed 7/, = 7. This system of equations yields the

values of 7/ and Ai such that, regardless of whether § = 1 or
§=-1,

v, =B cos [L(cp+cr—p)] (62)
5o\ (1 +c ) :
Ai =2g (sr(fl - %) + T” —c (63)

The final difficulty now is choosing between the plus or minus sign
in Eq. (62). Let us choose the plus sign first. If 7; > 7/, then we
choose the minus sign instead. If 7/ > 7/ still holds, then we go
back to the plus sign and subtract 27 from the answer because then
7, also would be larger than 2. In short, we choose the sign that
yields 0 < 1/ < v;,. When 7/, = 7, there is only one switch in
the angle located at 7/, and the solution is analogous to the one
described in the preceding section with |6,,| = n/2. In Fig. 6,
the angles 7/ and t/, are given as a function of the eclipse entry
angle 7, which defines the duration of the eclipse, for 8 = 0 deg.
The lower curve is obviously for 7/ and the upper curve for z/,.
From z; = 220 deg to about 7; = 250 deg, 7, = 7/, indicating
that these transfers require only one switch, given by ;. For larger
values of 7, the transfer will make use of two switches, and because
7; = 360 deg, correspondingto the case of no eclipse, 7;, = 90 deg
and r(fz = 270 deg, recovering thereby the well-known solutions
valid in full sunlight. All of the numerical examples studied use
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Fig. 6 Evolutionof Tc,l and Tclz and maximum change in inclination vs
77 for 3 = 0 deg.
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Fig. 8 7/ and 7/ vs 7y for 3 = 120 deg and inclination change vs 75
for 3 = 0, 60, 120, 240, and 300 deg.

ay = 7000 km, & = 398,601.3 km?/s%, k = 3.5 x 1077 km/s?, and
g = 4.302544 x 1073, as in the preceding section.

In Fig. 6, the maximum inclination change A is given as a func-
tion of 7, for B = 0 deg. As expected, the maximum rotation takes
place when 7, = 360 deg for continuous thrusting along the or-
bit. This maximum is Ai = 9.8607 x 1073 deg. In Fig. 7, which
corresponds to B = 60 deg, it is seen how the single-switch trans-
fers are preponderant from 7, = 220 deg to T, = 320 deg, after
which the two-switch solutions become possible. Figure 8 is for
B = 120deg with only two-switch solutionsregardlessof the length
of the eclipse arc. For 8 = 240 deg, the solutions are identical to
the case in which g = 60 deg except of course S = —1 instead of
S = 1. This is not surprising because § & 7 and S define the same
line of nodes of the initial and final orbits, the difference being that
the rotations are of opposite signs, i.e., clockwise vs counterclock-
wise. The B = 300 deg case is identical to the case of 8 = 120 deg
except, once again, for the sign of S. In Fig. 8, Ai is shown for
these particular 8 values as a function of 7, with equal maxima
at T, = 2. So far in this section, we have selected the sequence
w/2, —m /2, /2 or the sequence —m /2, w/2, —m /2 for the yaw
angle, corresponding,respectively,to S = 1 or § = —1, ona purely
arbitrary basis, thinking that it is very near optimal to let S = 1 for
3n/2 <B <mw/2and S =—1form/2 < B <3m/2.

Algorithm 2
This algorithmis somewhatmore complex than the precedingone
becauseit computes both solutions, namely, for S = 1 and § = —1,

and compares the Ai achieved in each case. If one solution does
not exist, then Ai is set to zero so that the other solution wins out.
Furthermore, the two solutions, when they exist simultaneously,are
not necessarily of the two-switch type, depending on B, because in
many cases the second switch z., becomes equal to 7y, the eclipse
entry point. As an example, for § = 71 deg, 7/, and t/, are evaluated
vs 1, for the sequences S = 1 and § = —1, respectively. For
this particular 8, there exist indeed two distinct solutions, yielding,
however, the same Ai. If 8 is increased to 80 deg, the two solutions
will start to differ in the value of Ai that they yield because now
the solution obtained with § = —1 provides a slightly superior
Ai. Operational considerations may favor one or the other solution,
depending,forexample, on how fast the vehicle can be configured in
attitude. At 8 = 89 deg, the S = —1 solution provides a maximum
increase in Ai of about 4% over the S = 1 solution, showing that
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these solutions are almost equally good, as is clear from Figs. 9 and
10. This example of a LEO orbit shows that the S = —1 region
should be extended to cover 74 deg < B < 90 deg values at the
expense of the § = 1 solutions. Because of symmetry, the § = 1
solutions now will cover the 254 deg < B < 270 deg range as well.

Figure 11 shows that,for 7, = 220deg, S = 1for0 < 8 <73 deg,
S = —1 for 74 deg < <253 deg, and S = 1 for 254 deg
< B <360 deg. As 7, approaches360 deg,the $ = 1 and § = —1
regions will tend to correspond to B = 90 and 270 deg as they
should for this limiting case of no shadow. In short, Fig. 11, valid
for LEO and corresponding to the most severe case of shadowing,
shows how to selectthe yaw sequence for given 7, and 8. For exam-
ple, for 7, = 360 deg,if 270 deg < B8 <90 deg, the sequence S = 1
is selected; otherwise, for all other values of 8, itis S = —1 that will
yield the largest Ai. Figure 12 shows how the optimal z/, and 7/,
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Fig. 13 Inclination change vs 3 for 7y = 220, 260, 310, and 360 deg.

vary as a functionof 8 for the givenz, = 220 deg. Finally,in Fig. 13,
Ai vs § is plotted for various values of 7, namely, 220, 260, and
310 deg. The fluctuations vanish at 7, = 360 deg, and Ai becomes
independentof 8, displaying the constant value of 9.86 x 1073 deg.
Finally, for given 8, Ai increases as 7, is increased, as expected.

Concluding Remarks

The problem of low-thrustinclination control in near-circularor-
bit (0 < e < 1072) and in the presence of Earth shadow is analyzed
using simple steering laws consisting of piecewise constant yaw
angle selection. The linearized form of the variation-of-parameters
equationsis used, providinganalyticexpressionsfor the components
of the inclination change vector due to out-of-planethrusting. Two-
switch transfer algorithms are analyzed, and their performances are
compared. Algorithm 2, based on an optimal two-switch strategy,
represents the overall better algorithm, and it provides a robust sub-
optimal transfer mode amenable for onboard autonomous guidance
applications for future electric orbit transfer vehicles.

These algorithms are simple to implement and achieve maximum
rotation of the orbital plane about the desired line of nodes of current
and final orbits using constantyaw angles, with the thrust turned off
during shadowing.
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